Introduction
Let p be an odd prime and c be a fixed integer with (c, p) = 1. For each integer a with 1 a p − 1, it is clear that there exists one and only one b with 0 b p − 1 such that ab ≡ c (mod p). Let M (c, p) denote the number of cases in which a and b are of opposite parity. In [4] , Professor D. H. Lehmer encouraged the authors to study M (1, p) or at least to say something nontrivial about it. It is known that M (1, p) ≡ 2 or 0 (mod 4) when p ≡ ±1 (mod 4). For general odd number q 3, Zhang Wenpeng [10] studied the asymptotic properties of M (1, q), and obtained a sharp asymptotic formula M (1, q) = Zhang Wenpeng [9] also studied the asymptotic properties of the mean square value of the error term M (a, p) − 1 2 (p − 1), and gave the asymptotic formula
Now, let p be an odd prime, c any integer with (c, p) = 1, N (c, p) the number of pairs of integers a, b with ab ≡ c (mod p) for 1 a, b p − 1 in which a and b are of opposite parity, and
In this paper, we find that there are some close relations between E(c, p) and the classical Dedekind sums, which are defined by
where
Several authors have studied various properties of S(h, k), namely, L. Carlitz [2] , J. B. Conrey et al. [3] , Jia Chaohua [5] , and Wenpeng Zhang [8] . For example, Wenpeng Zhang [8] proved the asymptotic formula
where p α k denotes that p α divides k, and p α+1 does not divide k.
In this paper, we consider the following hybrid mean value problem related to the error term N (c, p) and the Dedekind sums:
Concerning this mean value, it seems that no one had studied it yet, at least we have not seen any related result before. In this paper, we use the properties of character sums and the analytic method to study the asymptotic properties of (1), and obtain the following two conclusions: Theorem 1. For any prime p 3, we have the asymptotic formula
where exp(y) = e y .
Theorem 2. For any prime p 3, we have the asymptotic formula
As an application of our method, we can also give a series identity for the mean square value of the Dirichlet L-function. For example, we have Corollary 1. For any odd prime p, we have the identity
Corollary 2. Let p 3 be an odd prime, then we have the identities
It is very interesting that the value of the mean value 
Several lemmas
To prove our theorems, we will make use of the following lemmas. Lemma 2. Let q 3 be an odd number. For any nonprincipal character χ mod q, we have
χ(a).
P r o o f. See Lemma 1.5 in [6].
Lemma 3. Let p be an odd prime. For any integer c with (c, p) = 1, we have the identity
P r o o f. From the orthogonality relation for character sums modulo p and the definition of N (c, p) we have
Combining (2), (3), (4), and applying Lemmas 1 and 2, we obtain
Hence E(c, p) = − 2p
This completes the proof of Lemma 3.
Lemma 4. Let q 3 be a positive integer. Then for any integer c with (c, q) = 1, we have the identity S(c, q) = 1
Lemma 5. Let p be a prime, χ a Dirichlet character modulo p, and m 0 a fixed integer. Then we have
Proof of the theorems
In this section, we will use the lemmas from Section 2 to prove our theorems. First we prove Theorem 1. For any prime p, Lemmas 3 and 4 and the orthogonality relation for character sums modulo p, yield
From Lemma 5 we know that
Then combining (5), (6) and (7), and taking into account the asymptotic formula
we immediately deduce that
This proves Theorem 1. Now we prove Theorem 2. From the orthogonality relation for character sums modulo p and Lemma 5 we have Now we prove Corollary 2. Note that
